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Abstract:

This paper examines the edge problem for a partial differential equation of parabolic type with
two lines of degeneracy, a representation of the solution is obtained, an a priori estimate of the
solution is derived, theorems are obtained that prove the uniqueness and conditional stability
on the correctness set of the solution.
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KPAEBAS 3AJTAYA JJIS1 YPABHEHUSA B YACTHBIX ITPOU3BOJHBIX
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AHHOTANUA

B nannoii pabore paccmaTpuBaeTcsi KpaeBas 3ajaya JijIsl YypaBHEHHS B YACTHBIX TPOU3BOIHBIX
MapaboJUYECKOTO TUTIA C ABYMsI JIMHUSIMU BBIPOKIACHUS, TIOJIYYSHO MIPEICTABIICHUE PEIICHUS,
BBIBE/ICHA  allPUOpPHAsl  OIEHKA  pEIIeHHUs, TOJYyYeHbl TEOPEMBI,  JOKa3bIBAIOIINE
€MHCTBEHHOCTh U YCIOBHYIO YCTOMUYMBOCTh Ha MHOKECTBE KOPPEKTHOCTH PEIICHUSI.

KiioueBnblie ciioBa: HCKOPPCKTHAA 3ajja4ya, alipuoOpHasaA OLCHKA, MHOXCECTBO KOPPCKTHOCTH,
CANHCTBCHHOCTD, YCIIOBHAsA YCTOIZQHBOCTB.

Introduction

The work is devoted to the study of an ill-posed boundary value problem for equations of
parabolic type with two lines of degeneracy.

Correct boundary value problems for such types of equations were considered in the works of
MS Baouendi and P. Grisvard, CD Pagani and G. Talenti [1], S.A. Tersenov [2], N.N. Kislova,
A.A. Kerefova, |.E. Egorova [3], S.G. Pyatkova [4]. In which the correctness of the problem
for equations of the shifted and mixed-composite type was studied.
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Problems that are ill-posed in the sense of J. Hadamard were studied in the works of E.M.
Landisa, S.G. Kreina, M.M. Lavrentieva [5], H.A. Levine, |.E. Egorova and V.E. Fedorova,
A.l. Kozhanova, S.G. Pyatkova, A.L. Bukhheim, K.S. Fayazova [6], M.Kh. Alaminova, 1.0O.
Khazhieva [7], Y.K. Khudaiberganov [8], in which for equations of the shifted and mixed-
composite type they were proven based on the idea of A.N. Tikhonov, theorems on uniqueness
and conditional stability on the corresponding correctness sets.

Lethﬂlequ Q, ={-1<x<1 x=0}, Q,={-1<y<1 y=0}

Q={0<t<T, T <oo}.

Where

Task.Need to find a function™ Y1) related in the area 2 with equation

U, (x, y,t) +sgn(x)u,, (x, y,t) +sgn(y)u,, (x, y,t) + Au(x, y,t) =0, 1)
and satisfying the following conditions:
initial
U0 Y0l = e(x ), (x,y) e[, o
borderline

u (%, y, 1), =0.(y,) e[-11]xQ
u, (X, y,t)\m =0,(x,t) e[-L1]xQ

©)
and gluing conditions
CURDl ey YD (i
X x=-0 ox x=+0
d'u(x, y,t) F O'u(x, y,t) LA
i =)' —— . (xt)e[-151]xQ,
A ¥ o @)

Where, A- some constant, (i=01), p(x.y) -given sufficiently smooth function, and
¢X (X’ y)|6Q1 - 0’ ¢y (X’ y)‘aﬂz -

Spectral task.
Find such values 4 in which the next task

sgn(x) 9, (X, y) +5gn(y)9,, (X, y) + 29(x, ¥) =0,(x, y) € (-L1)?, X,y =0, (5)
(% Y|y =0, Ye[-L1], &,(%,¥)|,.. =0, xe[-11]
TNy Ny epan,

X x=—0 x=+0
3"9(x,Y) 3"9(x, Y) (i a7
o = (-1’ N | x e [-11], (|=o,1),

(6)
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We will look for a solution to problem (5), (6) using the Fourier method, assuming
906 Y) = X (Y (¥). @

From conditions (6) we obtain:
X'(-)=X'(+1) =0,

X (-0) = X(+0),

X'(=0) = —X(+0), @®)
Y/(=1) =Y'(+1) =0,

Y (=0) =Y (+0),

Y'(=0) = —Y'(+0). )

Let's find the second partial derivatives of function (7):
Gu (X, ¥) = X"(X)Y(y), 3, (X, y) = X (X)Y"(y).
Substituting into (5) and separating the variables, we get:
sgn() X"(x) . sgn(y)Y"(y) __,
X(x) Y(y)
sgn(x) X"(x) sgn(y)Y"(y)
Next, since  X(X)  doesnotdependon¥Y,A YY)  fromX.
Thus, we have

sgn(x)X"(x) _ sgn(Y"(y) _ _ A

X0 T Y
As a result, to find functions X (X) Y (y)we get the equations:
sgn(x) X"(x) = =4 X (x), 9)
sgn(y)Y"(y) ==4Y (¥). (10)

Let us consider equations (9), (10) with the corresponding conditions (8), (9)
sgn(x) X "(x) = =4, X (x),
X'(-) =X'(+1) =0,
X (-0) = X (+0),
X'(=0) =—X'(+0),
sgn(y)Y"(y) ==4Y (y),
Y'(-)=Y'(+1) =0,
Y (-0) =Y (+0),
Y'(-0) =-Y'(+0). (12)
Thus, the solutions to problems (11) and (12) have the form:
atﬂl >0, 4, >0,

(eleven)
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cos u (x—-1)/cosp, ,0<x<1,

XIEJ')(X): ke N,
chy, (x+1)/chy,,—1<x<0,

" coso,(y—-1)/coso,,0<y<],
Y(y) = le
cho,(y+1)/cho,,-1<y <0,
at/11<0,ﬂ,2 <0,
chy, (x=1)/chy, ,0<x<1,
XIEZ)(X): e (x=1) [ chyy keN,
cos 4, (X+1)/cos g, —1<x <0,
VO (y) = cho,(y-1)/cho, ,0<y<1, leN.
coso,(y+1)/coso, ,—1<y<0,
ot =072 =0,
1/42, 0<x<1,
Xo(x):
1/~/2, -1<x<0,
1/42, 0<y<y,
Yo(y):
1/~/2, -1<y <0,
Whereﬂlk = 20, Ay =4 <0, 4, =0} 20, 4, =-0y <0.
Eigenvalues

A =mrol, A = o,
ﬂ'k(j) =—ui + oy, /11((5;) =—tt =07,
correspond to their own functions
N Y) = X2 00-Y,2(y), 9T (%, y) = X2 () -Y,2(y),

Where ki1 =012,....

o

In both cases*4’“1 ~are non-negative roots of the transcendental equationtga =-tha. | g

11
2 (u,0) = ”u:)dxdy
||u|| = (u,u) , Where -1-1 scalar product. Besides
(9P ) 87 () =0,m=n, (mn=14),
Lk=inl=], —

(m) (m) — -
(‘9k,| (X, ¥), 35 (%, Y)) _{0, K#inl#j. (m=14),

Wherek: 111, j € N.
Let
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Jutx, O = D |(uCx v, 8006 ) + D [(u0x v, 82 k)

o0

+3 |ty 0. 90 )+ 3wk .0, 89 k)

k,1=0 k,1=0 (13)

According to the Hilbert-Schmidt theorem [9], the eigenfunctions of problem (5)-(6) form a
.1\2
Riesz basis in = (-L1) .

A priori estimate.
By a generalized solution of the boundary value problem (1) - (4) we mean the function
UG sych that U0 Y:D) € CUL (FLD).0) Apg

T11

[ ] Juex y,0)(sgn(sgn(y)V, (x, ¥,t) =sgn(y)V,, (%, y,1) = sgn(x)V,, (x, y,t) ) dxdlydt =

0-1-1

~[ [ san()san(y)V (x, ¥, 0)(x, y)dxdy

~[ [ [ san()san(y)V (x, y.t) f (x, . ydxdyt,

-1

2101 1. 1 .
for any functionV(X’y’t)EW2 (2D.( 1’1)’(0’T)), satisfying  the  conditions

V(xy,T)=0,V,(-1yt)=V,@Lyt)=0, V,(x,-1Lt)=V (x1t)=0.
Lemma l.Letu(X’ y’t)is a solution to equation (1), in the regionQ2and satisfies the
corresponding conditions (2) - (4). Then for" (%, y,t) att (0T ) the following inequality is true

Jutx y.0] < 2(Jux v O -(Jutx T

The proof of this lemma can be found in [8].
Through M let us denote the correctness set defined as follows
M = {u(x, y.t) uy (x, y, T, <m,m< oo}.

(14)

Uniqueness and conditional stability.

Theorem 1.If a solution to problem (1)-(4) exists andu(x’ y.t)e Iv"then the solution to
problem (1)-(4) is unique.
Proof.Let equation (1) with conditions (2)-(4) have solutions uy(x, y,1) AndUZ(X’ y:t) , e 2

solutions. Then the functionU (X, y, 1) = (X, y, 1) = U, (X, ¥, 1) is a solution with zero data.
For the last function, estimate (14) is true. Using the results of Lemma 1 we have

U (X’ y’t) = 0 for all (X’ y’t)’ ul(X1 ylt) = UZ(Xi y!t) .
Theorem 1 is proven.
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LetU(% Y51 _solution of problem (1) - (4) with exact data, and Y= Y"1 _ solution of problem
(1) - (4) with approximate data.

Theorem 2.Let a solution to the original problem exist and ux,y. ),

u,(x,y,t)eM . Besides

le(x, y) =@, (x ), < € Then for the functionU (X y,t) =ux, ) ~u, (x,y,t) at' € (o T)the

following inequality is true

UG y.0, <2(e)' 7 (2m)7

Proof. Let the functionU (x,y.t) are a solution to the corresponding problem (1) - (4), and

U(xy,0)=0(xy) - P (X, y) . FunctionU (%, y,t) satisfies the conditions of Lemma 1 and

U (x, y,T)||§ <4m?®

0]

. Then for the functionU (X,y,1) the following estimate is true
T-t

= 2 2 2 2\ | T
©) @ (2) () (©) ©) (4) 4
E (‘¢k,l _le,k‘ +‘¢k,l _(/’ng‘ +‘¢k,l _(Dal,k‘ +‘(0k,l _(Pgl,k‘ )] X

k,1=0

Uy, < 4[

t

x[i(‘uﬁ M +HuSMf +pE [+ (T)‘Z)T <a(e2) T (4t
r

Uy, <2(e)} 7 (2m)7

Theorem 2 is proven.
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