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Abstract:

In this section, we consider a boundary-value problem for an inhomogeneous mixed-type partial
differential equation with two degeneracy lines. We obtain a representation of the solution,
derive an a priori estimate for the solution, and obtain theorems proving its uniqueness and
conditional stability on the solution's well-posedness set.
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Introduction

HAYAJIBHO-KPAEBAS 3AJJAYA IJISI HEOJJHOPO/JHOI'O
YPABHEHUSI CMEIIAHHOI'O TUIIA C ABYMS JIMHUAMHU
BBIPOXKJIEHUSA
[Tapunos XK. W.

HannonanbsHbiil yHuBEepcuTeT Y30ekucTana uMenn Mupsa Yinyroeka
jasurbeksharipov55555@gmail.com

AHHOTAIUSA

B »tom maparpade paccmaTpuBaeTcs KpaeBas 3ajada s HEOJIHOPOJIHOTO
YPaBHEHHSI B YACTHBIX MNPOM3BOJHBIX CMEIIAHHOIO THUIIA C JIBYMS JIMHUAMU
BBIPOXK/ICHUS, II0JIyYEHO MPEACTABICHUE PELICHUS, BEIBEACHA AlIPUOPHAs OLIEHKA
pelLIeHUs, MTOJYyUYEHbl TEOPEMBI, TOKA3BIBAIOIIME €IUHCTBEHHOCTh U YCIOBHYIO
YCTOWYHMBOCTHh HA MHOYKECTBE KOPPEKTHOCTH PELIEHUS.
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KiawueBble c¢JI0Ba: CMEIIAaHHOTO THIIAa, HCKOPPCKTHAA KpacBasd 3ajiada,

AIIpUOPHBIC OIICHKH, VYCJIIOBHAA YCTOI>'IIII/IBOCTB peICHUA, CAWMHCTBCHHOCTD
peuICHUs, MHOKCCTBO KOPPCKTHOCTHU.

Introduction

The theory of boundary value problems for equations of mixed type is one of the
most important areas of the theory of partial differential equations in
mathematical physics.

In most cases, boundary value problems for equations of mixed type are well-
posed. The origins of the theory of such problems are associated with the classical
works of Tricomi [ 1] and Gellerstedt, who first posed and studied boundary value
problems for equations of mixed type with a single degeneracy line.

Important applied aspects of this problem were investigated by F. I. Frankl [2]. In
subsequent years, various problems for equations of mixed type were considered
in the works of O. S. Ryzhov, L. D. Pilia and V. P. Fedorov, E. G. Shifrin, G. G.
Cherny, and A. G. Kuzmin [3]. It should be noted that the works of F. I. Frankl,
A. V. Bitsadze and K. I. Babenko laid the foundations of the modern theory of
equations of mixed type and contributed to the development of research into new
boundary value problems for such equations. Later, various boundary value
problems for equations of mixed type were studied by many authors, in particular
by V. F. Volkodavov, V. N. Vragov [4], V. I. Zhegalov, T. D. Dzhuraev, T. Sh.
Kalmenov, A. I. Kozhanov, Yu. M. Krikunov, O. A. Ladyzhenskaya, M. E.
Lerper, V. P. Mikhailov, E. I. Moiseev, A. M. Nakhushev [5], S. M. Ponomareyv,
S. P. Pulkin, K. B. Sabitov, M. S. Salakhitdinov, M. M. Smirnov, A. P. Soldatov,
L. I. Chibrikova, R. S. Khairullin, B. N. Burmistrov, as well as foreign researchers
S. Agmon, L. Nirenberg, M. N. Protter, K. S. Moravec, P. Germain, R. Bader, P.
O. Lax, R. P. Phillips, M. Schneider, G. D. Karatoprakliev, N. 1. Polivanov, G. D.
Dachev and others.

Boundary value problems for equations of mixed type with two lines of
degeneracy are reflected in the works of M. M. Zainulabidov, V. F. Volkodavov,
V. V. Azovsky, O. I. Marichev, A. M. Ezhov, N. I. Popivanov, T. B. Lomonosov,
He Kan Cher, S. 1. Makarov, S. S. Ismukhamedov, Zh. Oramova, M. S.
Salakhitdinova, K. B. Sabitova [6], B. Islomov and other authors.
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Well-posed boundary value problems for various non-classical equations were
investigated in the works of A. V. Bitsadze, S. A. Tersenov, V. N. Vragov, A. M.
Nakhushev [5], and other authors. Problems for such equations were the subject
of research by N. Kislov, S. G. Pyatkov [7, 8], A. I. Kozhanov [9], K. B. Sabitov
[6], A. A. Gimaltinova [10], and other scientists.

Incorrect boundary value problems were studied by a number of well-known
researchers, including A. L. Bukhgeim [11], V. Isakov, M. Klibanov, and K. S.
Fayazov. The works of K. S. Fayazov [12], K. S., I. O. Khadzhiev [13], as well
as K. S. Fayazov and Yu. K. Khudaiberganov [14] were devoted to the
construction of approximate solutions for non-classical equations.

This paper is devoted to the study of an ill-posed boundary value problem for a
second-order partial differential equation of mixed hyperbolic-elliptic type with
two lines of degeneration.

Let Q=0 xQ,xQ, where Q, ={-1<x<1},Q, ={-1<y<1l},0={0<t<T, T <oo}.

Problem. It is required to find a function u(x, y,7) satisfying in the domain Q the

equation
U, (x, 1) +Sgn(X),, (x, y,0) +sgn(y)u,, (x, y,t) + au(x, y,t) = f(x, p,1), (1)
and satisfying the following conditions:
initial
O'u(x,y,t 2
QUERD _ g (x. ). (v.3) €[ -LIT. @

ot 0
boundary
ux(xayat)agl :O,(y,t)E[—l;l]XQ, (3)
uy(xayat) 50 = O,(X,t) € [_la I]X Qa
and gluing conditions
CUER Dy SEELD(p e-n11x0,

X x=—0 ax x=+0 (4)

O'u(x, y,t) ; O'u(x, y,t) —
— 1 =D . )e[-L1]x0,

ay y==0 ay y=+0
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where (i = 0_,1), ®,(x,y), ¢(x,y) and f(x,y,t)—are given sufficiently smooth
functions, with ¢,(x, )|, =0, f(x,y.0|,, =0.

In this paper, a boundary value problem for an inhomogeneous partial differential
equation of mixed type with two lines of degeneration is considered; a
representation of the solution is obtained, an a priori estimate of the solution is
derived, and theorems proving uniqueness and conditional stability on the set of
correctness of the solution are obtained.

Spectral problem. Find such values 4 for which the following problem
sgn(x)8,,(x, y) +sgn(y)3,,(x, ) + 29(x, ) = 0,(x, y) € (-1;1)*, x,y # 0, (5)

3.6V e =0, ye[-L1], 3 (x,¥)|,.,, =0, xe[-1]1]
2y Py (6)
ax x=—0 x=+0
M =(-1)’  0'9(x,) . xe[-1:1], (,':(Tl),
oy' B oy’
y==0 y=+0

We shall seek the solution of problem (5), (6) by the Fourier method, setting
9(x, y) = X(x)Y(»). (7)

From conditions (6) we obtain:

X'(-1)=X'(+1)=0,

X (-0) = X(+0), )
X'(=0) =-X'(+0),

Y'(-1)=Y'(+1)=0,

Y (-0) =Y(+0), )]
Y'(=0) = —Y'(+0).

Find the second partial derivatives of function (7):
3. (5,1)=X"(0)Y(y), §,(x,y)=XX)Y"(y)

Substituting into (5) and separating the variables, we obtain:

sgn(x) X" (x)

X(x)

Y(y)

L sgnWY'(y) _

Further, since sgn(H) X"(x) does not depend on y, and sgiNT'() does not

X(x)

depend on x.
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Thus, we have
sgn(x)X"(x) _ 2, sgnMY'(y) _ A

X(x) Y(y)
As a result, to determine the functions X (x), Y(y) we obtain the equations:
sgn(x)X"(x) = =4 X (x), 9
sgn(MY'(y) = =AY (y). (10)

Consider equations (9), (10) with the corresponding conditions (8), (9)
sgn(x)X"(x) = -4 X (x),
X'(=1)=X'(+1) =0,
X(=0) = X(+0),

X'(=0) =—X"(+0),
sgn(y)Y'(y) ==Y (»),
Y'(-1)=Y'(+1) =0,
Y(=0) =Y (+0),

Y'(=0) = -Y'(+0).
Thus, the solutions of problems (11) and (12) have the form:
for 2, >0, 4, >0,

(11)

(12)

cos, (x—1)/cosp, ,0<x<l,

X (x)= keN,
chu, (x+1)/chy, ,—1<x<0,

coso,(y—1)/coso,,0< y <1,

YOy = leN,
cho,(y+1)/cho,,-1<y <0,

for 2,<0,4, <0,
h 1)/ chu, ,0<x<1,

X2 (x) = chp (x—=1)/ chp, X keN,
cosy, (x+1)/cos p,, —1<x <0,

cho,(y-1)/cho, ,0< y <1,

Yl(”(y)={ leN.

for 4, =0,4, =0,

coso,(y+1)/coso, ,—-1<y <0,

1/42, 0<x<l,

X, (x) =
' {1/\/5, ~1<x<0,

1/42, 0<y<l,
Y=
1/2, —1< y <0,
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where 4, =u; >0, 4, =—p; <0, 4, =0, >0, 1, =-0; <0.

The eigenvalues

Al =wror, &Y =m0,

T N R

correspond to the eigenfunctions

(6, = X)), 97 () =X"(x)- 1),

4 =X20) Y00, 47y =X 1),

where k,/=0,1,2,....

In both cases gy ,o, —are nonnegative roots of the transcendental equation

11
tga =—tha.  Let |ul =(u,u), where (u,u):j J' uvdxdy 1s the scalar product. In

=1-1

addition
(90 (.. 97 (x,)) = 0,m = n, (m,n =1,4),
Lk=inl=],
(m) (m) — =
('gk,l (xay)algi,j (xay)) - {O, k2inl# j, (m _1:4):
where k,1,i, j e N.
Let
a0 = 3|y 8 @) + 3 (v, 92 )
i k,1=0 2 ) k,1=0 2 (13)
IO (ESOREICADY MW (TERWRIEI) ¥
k,1=0 k,1=0

According to the Hilbert-Schmidt theorem [15] the eigenfunctions of problem (5)-
(6) form a Riesz basis in L, (~1;1)".

A priori estimate.
Theorem 1. For any generalized solution of problem (1)-(4), for ¢ e (O,T ) the

following inequality holds

p o (T r()
I||u(x,y,r)||2dr < 4q(t)(T||u(x,y, O)||2 + a) ! U”u(x,y,t)”zdt + a] ,
0 0

(14)
where
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2

T
a =1 + )|/ Ce. .0 de+2T oo+l +CT + Do
0

2T +1 (l—eZ’)T—(l—eZT)tJ
5 .

1-e?’

-2t

p(t)- : , q(t) = exp[

Proof. We seek the solution of problem (1) - (4), in the form of a series
u(x,y,t) = ZZ(u“)(rw&)(x 2 +uF (087 (x,y) +
P
+ul (D95 (6, )+ ()8 (x,9))

where {19,511) (x, y)}kl 1 ( ﬁ) are eigenfunctions of problem (5) - (6),
u) (1) = (u(x, ,0,99 (e, ), (=

o) = (@06, 90 (xp), (j=1.4 ( =o_)
SO =0y 82 e, (7 =1,4),

Then the functions u,(jl) (1), ( _4) are solutions of a differential equation of the

form

() (@), — (4] —au) () = £ @),

w0y =pl), ) 0), =), kleN.

It is easy to see that for u,’)(¢) the following equalities hold

Ji [ 10 @sh G =@t~y + gifenJ AT —ar +

A0
Dsh (2D —a)t . .
| Puershy G ),<z,§5,>—a>>o,u=1,3>,

JOO —a

t
) (6) = j(z—r)féf’(r)dr+¢fk”,t+fpéz’, 20 —a=0,(j=2.3),

0

1 ( j . i i
Wjﬁf,{)(ﬂ siny[—(A) —a)(t —)d7r + @}, cos \[—(A{) —a)t +
- k,l_a
) sin[—(A) —a)t , _
+ D A~ ) s (A0 —a)<0,(j=2,4), k,1=0,1,....

J-(A —a)
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According to (13) we have

P2 (ol +fuof +u2of +usof )

k=1 [=1

JuCx, v,0)

Lemma 1. Let v(¢) be a solution of the equation

V()= Av(t) =k(1)

and satisfies the conditions v(0) = p,, v'(0) = p,. Then for the solution of this
equation for 7 €(0,7') the following inequality holds

t T p(1)
j vi(o)dr <q)(Tpi +a) [ j V3(t)dt + aj :

0 0

where A is some constant, k(¢) is a given function,

P(f)zl_—_ﬂ,

xQ

T
— Q2T +1) j K2 (0)dt +2|Ap? — p?
0

q(t)=exp(2T+l (l—e— t)T—(l—e‘ )t}

2 -

The proof of this lemma can be found in [13].
Introduce the norm

ot =D (A (00 #2162 422002 + 42 (012 )

k=1 [=1
According to Lemma 1, for the solutions of the problems at each fixed
k,[ =0,1,.... the inequalities hold

t

J.(“,E]l)(r))zdr Sq(t)( (ul(c]l)(o)) +a/£]z) )1 0] .

ol = (2T2+1)j (£20)) di+2

(15)

© Sy

p()
(uf) () dt + a(”] (7=1.4)

where

D [ D) (/) () )
/lkl(%k/) Pria ‘T+2‘¢Okl¢1kl

(16)
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It should be noted that from (16) one can easily derive the inequality

a,§f1><(2T2+1)j (£9®) de+@Ta0 +1)(glf)) +@T+D (o)) . (7 =1.4)

Summing inequalities (15) over k,/=0,1,.... and taking into account Holder's

inequality, we obtain

j [ii{\uéﬁz(ﬂ‘z éib(z‘)\ 53’3;(0‘ éi);(f)‘ }jdr<

k=l [=1

<4q<r)(Tii(u§i3,z<0>f a2 O+, Of + st 0f )+

k=1 1=l
o o 1=p(2)
STl

k=1 [=]

[M]s

(I

2 2 2 2
0 o b of it of o

o © p(t)
+ZZ(\@”\+\a(”\+\a“’\+\a(‘”\)J ,

k=1 [=1

~
Il

1

and summing the above inequalities, we finally obtain

P o) T r(®)
[lute. .0 dr <aq)(Tlo [ +a) [ [l o[l + a] .
0 0

Theorem 1 is proved.
Introduce the set of correctness M as follows

T
M ={u(x,y,z‘):J‘”u(x,y,t)”2 dt <m’,m <oo}. (17)
0

Uniqueness and conditional stability.
Theorem 2. If a solution of problem (1) - (4) exists and u(x, y,f) € M, then the

solution of problem (1) - (4) is unique.
Proof. Let u,(x,y,t) and u,(x,y,t) be solutions of problems (1) - (4) with the

same data. Then u(x,y,t)=u,(x,y,t) —u,(x,y,t) will be a solution of problems
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(1) - (4) with a homogeneous equation and zero data. The function u(x, y,t) is a

solution of the corresponding homogeneous equation with zero data. This
equation satisfies the conditions of Theorem 1, i.e. inequality (14) holds. From
inequality (14) it follows that ||u(x, y,t)” = 0. Therefore, for arbitrary (x, y,t) € Q2

, u(x,y,6)=0 or u,(x,y,t) =u,(x,y,t). Theorem 2 is proved.
Let u(x,y,t) be the solution of problem (1) - (4) with exact data, and u_(x,,?)
be the solution of problem (1) - (4) with approximate data.

Theorem 3. Let u(x,y,t),u (x,y,t)eM and ||(p0 (x,»)—@,.(x, y)||1 <eg,

||(p1 (x,y)—o, (x,y)” <ég, ||f(x,y,t) - fg(x,y,t)” <¢&. Then for the function
U(x,y,t)=u(x,y,t)—u_(x,y,t) the inequality holds

[0 ode < g {Ts* )™ fam s
0

forall 1 €(0;7), where c, :52(2T3 +5T+2).

Proof. Let the function U(x, y,t) be a solution of the corresponding problem (1)

- (4)9 with U(X,y,O) = ¢0(X,y) - (DOg(xay)a and Uz(xsyao) = (ol(xay) - (olg(x»y) .
The function U(x,y,t) satisfies the conditions of Theorem 1 and

|§ dt <4m’. Then for the function U(x,y,t) the following estimate

[l

holds

p(?)

j”U(x, V, Z')”id’[ < 4q(t){T<92 + ag}l_p(t) {4m2 + ag}
0

Theorem 3 is proved.
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